Abstract. A compact (orientable or non-orientable) surface of genus g is said to be extremal if it contains an extremal disc, that is, a disc of the largest radius determined only by g. The present paper concerns non-orientable extremal surfaces of genus 5. We represent the surfaces as side-pairing patterns of a hyperbolic regular 24-gon, that is, a generic fundamental region of an NEC group uniformizing each of the surfaces. We also describe the group of automorphisms of the surfaces with a unique extremal disc.
Introduction
The unit disc D = {z ∈ C; |z| < 1} is the universal covering for a compact hyperbolic surface S of genus g, where g denotes the number of handles (g ≥ 2) if S is orientable, or the number of cross caps (g ≥ 3) if S is non-orientable. The hyperbolic metric on S is the one induced by the hyperbolic metric ds = 2|dz|/(1 − |z| 2 ) on D. C. Bavard showed in [B] that the radius r of a disc embedded in S satisfies the inequality For each case we denote by R g the radius satisfying the equality in (1.1). A compact surface S of genus g is called an extremal surface if S contains an extremal disc, a disc of radius R g . Our concern here is non-orientable surfaces (Klein surfaces). A non-orientable extremal surface of genus g ≥ 3 is uniformized by an NEC group whose fundamental region is a hyperbolic regular (6g − 6)-gon. The polygon, denoted by P g , has angles of 2π/3, so that three vertices project to one point on the surface. Hence the sides of P g project to a trivalent graph with 2g − 2 vertices and 3g − 3 edges on the surface. The trivalent graphs are used to obtain side-pairing patterns of P g . For g = 3 and 4, all non-orientable extremal surfaces of genus g are presented in [GN] and [N1] by showing the side-pairing patterns of P g ; their groups of automorphisms are also studied there. Furthermore it is revealed that non-orientable extremal surfaces of genus g ≥ 7 admit a unique extremal disc (see [GN] ). In the present paper we consider the case of g = 5. Using the trivalent 40 GOU NAKAMURA graphs with 8 vertices and 12 edges, we give all the side-pairing patterns of a hyperbolic regular 24-gon that make non-orientable surfaces of genus 5. Furthermore we study the groups of automorphisms of non-orientable extremal surfaces of genus 5 with a unique extremal disc. The surfaces with more than one extremal disc are studied in [N2] .
Side-pairing patterns
Let P be a hyperbolic regular 24-gon in D. By identifying pairs of sides of P properly, we can construct a non-orientable extremal surface S of genus 5. We shall obtain all such side-pairing patterns of P . Since the sides of P project to a trivalent graph G with 8 vertices and 12 edges on S, a walk on the sides of P once in a certain direction corresponds to a walk on every edge of G twice, which is called a closed walk on G. Note that we can walk on edges of G twice in the same direction. Conversely, a closed walk on an arbitrary trivalent graph with 8 vertices and 12 edges corresponds to a side-pairing pattern of P . Then the surfaces obtained from the side-pairing patterns are necessarily non-orientable because an orientable extremal surface of genus g corresponds to a hyperbolic regular (12g − 6)-gon (see [B] ), so that 24 is never attained for any genus g. Consequently, we consider all the closed walks on each of the trivalent graphs G.
We shall describe how to obtain all the trivalent graphs G. We connect 8 vertices 1, 2, . . . , 8 as follows: First, there are three ways, (A), (B) and (C), to connect the vertex 1 to the others ( Figure 1 ). Next we connect the vertex 2 to the others. For (A), there are two ways: 2 is connected to 3 by two edges or connected to 3 and 4 by one edge respectively. For (B) , there are two ways: 2 is connected to 3 or 4 by one edge. For (C), there are three ways: 2 is connected to 3 and 4, 3 and 5, or 5 and 6. We only repeat this process for the rest of the vertices 3, . . . , 8, where loops are not needed in (B) ; loops and double edges are not needed in (C).
We shall give an example to show how a closed walk on G induces a side-pairing pattern of P . Figure 2 shows a trivalent graph, a closed walk on it, and a sidepairing pattern, where a line (resp. a dotted line) connecting two sides of the regular 24-gon denotes a pair with the opposite (resp. same) direction. Figures  3 and 4) . There exist 3627 side-pairing patterns for the regular 24-gon to be a non-orientable extremal surface of genus 5. The surfaces obtained from these sidepairings are not isomorphic to each other. Table 1 shows the numbers of side-pairing patterns (denoted by s.p.) derived from each of the 71 trivalent graphs G.
Since there are so many side-pairing patterns of the regular 24-gon, we show all of them in [N3] . We shall consider the group of automorphisms of non-orientable surfaces of genus 5 which admit a unique extremal disc. The surfaces admitting more than one extremal disc are studied in [N2] . In the 3627 side-pairing patterns 1, 2, . . . , 3627, we showed that 17 of them correspond to the surfaces with more than one extremal disc [N2] , which are those labeled as 684, 1158, 1353, 1354, 1356, 1372, 1471,  1490, 1514, 1842, 1985, 1992, 1994, 2139, 2240, 3365, 3379 . We therefore give all the groups of automorphisms of the other 3610 surfaces. Proof. Suppose that the regular 24-gon is located in such a way that the center is the origin 0 of D. Hence 0 corresponds to the center of the unique extremal disc. Since an automorphism T of each surface fixes the center of the extremal disc, we can assume that the liftT : D → D fixes 0. ThereforeT is a rotation around 0 or a reflection in a line passing through 0. Considering the side-pairing patterns, we see that the side-pairing patterns in (1) admit the rotation by an angle 2π/3 about 0 and a reflection, so that the surfaces derived from these side-pairing patterns have the group of automorphisms isomorphic to D 3 , the dihedral group of order 6. For the side-pairing patterns in (2) or in (3), we see that they admit the rotation by an angle 2π/3 about 0 or a reflection, which implies the cyclic group of order 3 or 2, respectively. The side-pairing patterns in (4) imply only an identity mapping. It is proved in a similar fashion that there exists no isomorphism between any two of the surfaces. 
